A method to estimate the rotation change in the orientation of the centre-of-figure (CF) frame caused by earthquakes is proposed for the first time. This method involves using the point dislocation theory based on a spherical, non-rotating, perfectly elastic and isotropic (SNREI) Earth. The rotation change in the orientation is related solely to the toroidal displacements of degree one induced by the vertical dip slip dislocation, and the spheroidal displacements induced by an earthquake have no contribution. The effects of two recent large earthquakes, the 2004 Sumatra and the 2011 Tohoku-Oki, are studied. Results showed that the Sumatra and Tohoku-Oki earthquakes both caused the CF frame to rotate by at least tens of µas (micro-arcsecond). Although the visible co-seismic displacements are identified and removed from the coordinate time-series, the rotation change due to the unidentified ones and errors in removal is non-negligible. Therefore, the rotation change in the orientation of the CF frame due to seismic deformation should be taken into account in the future in reference frame and geodesy applications.
I N T RO D U C T I O N
Earth-related frames are usually defined as centre of mass of the whole Earth (CM), centre of mass of the solid Earth (CE) and centre of figure of the outer surface of the solid Earth (CF) frames, whose origins are correspondingly located at CM, CE and CF and whose orientations are arbitrarily or conventionally defined (Dong et al. 1997; Blewitt 2003; IERS Conventions 2010; Wu et al. 2012; Zhang & Jin 2014) . When there are no external net forces acting on the Earth system, the linear and angular momentums of the whole Earth are conserved (Ben-Menahem & Singh 1968) . The mechanism of an earthquake can be represented by a double couple, which is an internal force within the whole Earth system. In this way, the CM frame does not change after an earthquake. However the CF frame is only defined by the outer surface of the solid Earth, which is not conserved in the linear and angular momentums, so it may change after an earthquake.
The CF frame is currently widely used in geodesy because tracking stations with high-precision geodetic techniques, such as GPS and VLBI, are used on the Earth's surface (Jin & Park 2006) . With the improvement of the observation accuracy, CF and CM frames can now be distinguished from one another (Dong et al. 2003) . For this reason, many studies have been conducted on the seasonal and secular geocentral movement caused by the redistribution of the fluid envelope, including the atmosphere, ocean and land water (Jin et al. 2011) , in which the geocentral movement is defined as any change in CF relative to CM or vice versa (Dong et al. 1997; Chen et al. 1999; Collilieux et al. 2010; Métivier et al. 2010; Jin et al. 2013) . Colilieux et al. (2010) showed that the rotation parameters were not significantly different from zero when they considered the loading impact. This may be because the loading induces only spheroidal displacements, which do not cause the CF frame to rotate.
For the co-seismic effect on CF frame, Zhou et al. (2015) investigated the co-seismic change of CF relative to CM due to the 2004 Sumatra (M w = 9.3) and 2011 Tohoku-Oki (M w = 9.0) earthquakes that caused CF to move by about 4 and 2 mm, respectively. These magnitudes are observable at present using high-precision geodesy, for example, GPS. However the rotation of the CF frame due to earthquakes is still an open question, and it may affect the construction of the terrestrial reference frame (e.g. ITRF). So far, most previous works related to CF frame were focused on the origin change of the CF frame relative to the CM frame, that is, motion of the geocentre, caused by loading effects (e.g. Dong et al. 1997 Dong et al. , 2014 Chen et al. 1999) , while no one knows the rotation change of the CF frame caused by earthquakes. From the spherical geometry, a rotation of 1 mas (milli-arc-second) corresponds to 30 mm on the Earth's surface. The present GPS can determine position with mm or submillimetre precision. Therefore a rotation of several µas or larger is worth taking into account. In this paper, the possible rotation of the CF frame due to earthquake was investigated using the point dislocation theory based on the spherical, non-rotating, perfectly elastic and isotropic (SNREI) Earth model developed by Sun (1992) . Zhou et al. (2015) showed that the translation of the CF frame is related solely to the spheroidal co-seismic displacements of degree one. An earthquake causes not only spheroidal but also toroidal displacements. We will show that the rotation of the CF frame is only related to the toroidal co-seismic displacements, also of degree one. The toroidal degree one solution is specific because it has an analytical form, so no numerical integration is needed (Sun et al. 1996; Sun & Dong 2014) . However, Sun et al. (1996) and Sun & Dong (2014) actually gave the solution for a homogeneous Earth, consistent with findings reported by BenMenahem & Singh (1968) . Consequently, the stratified distribution of density of the SNREI Earth model was added to give a realistic solution.
C O -S E I S M I C RO TAT I O N O F C F F R A M E
Conservation of the linear and angular momentums of the Earth can be represented, respectively, by volume integrals
and
Here, ρ is the density of the Earth, V is the Earth's volume, r is a vector denoting the location of any point in the Earth and u is a vector denoting the displacements in the Earth. Ben-Menahem & Singh (1968) gave the same two equations except they considered a homogeneous Earth and hence dropped density. For the stratified Earth assumed here, however, the density cannot be dropped. Eq. (1) is for conserving the centre of mass, which was used for co-seismic geocentre motion (Zhou et al. 2015) .
Actually, eq. (2) is the definite integral of the angular momentum with respect to time, that is, u = τ 0 vdt, where τ is the duration of an earthquake and v is the velocity of the earth's particle (Chao 2015, personal communication) . In dislocation theory, eqs (1) and (2) are used as two additional boundary conditions to solve the spheroidal and toroidal solutions, respectively, of degree one (Sun 1992; Okubo 1993; Sun et al. 1996) . In this way, earthquakes cause no net translation or rotation in the CM frame.
However, considering only Earth's surface according to eq. (2), that is, the volume integral degenerating to an area integral, the rotation of CF frame can be presented in the first order approximation as followings:
where R is a vector including three independent elements of the antisymmetric rotation matrix, I = 8π a 4 /3 is the polar moment of inertia of the Earth's surface (with unit surface density), a is the radius of the Earth, S is Earth's entire surface, and r and u are on the Earth's surface rather than beneath it. The Lagrangian description is implicitly adopted in eq. (3). The moment of inertia, including I, of the whole Earth is slightly changed after an earthquake, which is due to co-seismic spheroidal deformation of degree two (Zhou et al. 2013) . The co-seismic change of I is here ignored because when it is multiplied by u it causes a negligible one-order smaller effect.
In Cartesian coordinate system, the three components of u are expressed as followings:
Here, u r , u θ and u φ are the three components of u in the spherical coordinate system and are also dependent on co-latitude θ and longitude φ. Here, r can be represented in the Cartesian coordinate system as follows:
Substituting eqs (4) and (5) into eq. (3) shows the following to be true:
This is related to horizontal displacements only. The kernel of the integral, that is, dependences on the co-latitude and longitude in parenthesis, shows that only degree one displacements contribute to the integral due to the orthogonality of the spherical harmonics.
If the rotation is determined by a network, the integral is changed to a summation of all the stations in the network, that is,
Here, K is the kernel of the integral in eq. (6), also a vector consisting of x, y and z components, and N is the number of the stations in the network, i is station index.
As a consequence, the coordinates in CM and CF frames can be transformed by each other through a rotation, as shown below:
Alternatively, we can link the coordinates before and after earth-
The unknown x, containing translation (T X , T Y , T Z ), scale factor D and rotation (R X , R Y , R Z ), can be solved by least-squares method provided sufficient stations are involved. The equally weighted solution is
If the stations distribute densely everywhere on the Earth's surface, the rotation derived from eq. (10) will be identical to that from eq. (3). To show this, one can represent the station number N mathematically by
As a consequence, the summation in eq. (10) becomes integral and the matrix A T A is diagonal due to the orthogonality of the spherical harmonics. The derivation is straightforward. Hereafter, we call eq. (7) summation method and eq. (10) transformation method.
Similarly to Zhou et al. (2015) , the epicentre was first located at the North Pole (NP). The degree one horizontal displacements then have the following form: for toroidal solutions. The variables y 3 and y 1,t denote the spheroidal and toroidal horizontal displacements, respectively. These are used to define the dislocation Love number. The superscript numbers indicate the independent fault types (Sun 1992; Sun et al. 1996) . The vertical strike-slip (superscript number 12) has no degree one solution.
Substituting eqs (12a), (12b) and (12c) into eq. (6) and applying the orthogonal properties of the spherical harmonics shows that the vertical dip slip dislocation (superscripts 31 and 32) is the only thing that contributes to the rotation. For any other types of dislocation, the integral of eq. (6) is zero. For vertically tensile fault, the following example is given: (13), the non-zero elements of the rotation matrix are as follows:
Eq. (14) shows that only the toroidal displacement due to vertical dip slip contributes to the rotation of CF frame.
If the dip angle (δ) and slip angle (λ) are both taken into account, the rotation vector for epicentre at NP is consequently (Sun & Okubo 1993 )
for a shear dislocation and
for a tensile dislocation.
For the epicentre at an arbitrary position, the rotation vector is as follows:
Here, α is the strike angle, θ 0 and φ 0 are the respective co-latitude and longitude of the epicentre, and r rot and ϕ rot represent the rotation matrix in the following forms
R E S U LT S A N D D I S C U S S I O N S

Toroidal displacements of degree one
The y 1,t values on the Earth's surface were first computed for different hypocentres using the theory in Appendix A and the PREM model (Dziewonski & Anderson 1981) . Values with superscripts of 31 and 32 are theoretically identical. The results are shown in Fig. 1 . The deeper the earthquake is, the smaller the co-seismic toroidal displacement of degree one on the Earth's surface is. The magnitude decreases nearly linearly and smoothly from 1.47 × 10 −15 to 1.23 × 10 −15 with respect to the depth of the hypocentre. As we know, only large earthquakes cause significant co-seismic effects and large earthquakes usually have shallow hypocentres, so an approximate value of about 1.465 × 10 −15 of y 1,t can be used for convenient computation although y 1,t has an exact value.
CF frame rotation
Computation theory was used on the 2004 Sumatra and the 2011 Tohoku-Oki earthquakes in order to numerically estimate to what extent large earthquakes cause the CF frame to rotate. Because of their large magnitudes, these two earthquakes cannot be considered point sources (Sun & Okubo 1998) . Therefore finite fault models ought to be used. Three finite fault models of the 2004 Sumatra earthquake were used. They are denoted as Chlieh (Chlieh et al. 2007) , USGS (Ji 2004 ) and USGS-Ji (Han et al. 2006) . Three finite fault models of 2011 Tohoku-Oki earthquake were also used. They are denoted as USGS (Hayes 2011) , ARIA (Wei et al. 2011) and UCSB (Shao et al. 2011) . The results for all finite fault models are listed in Table 1 . For the 2014 Sumatra earthquake, the results from different finite fault models were quite different. The magnitudes of the rotation vectors computed by the three finite fault models were 92.8, 47.0 and 200.3 µas, respectively. Generally speaking, larger earthquake moments produce rotation vectors with larger magnitudes. However, the three components of the rotation vectors are highly dependent on the details of the fault parameters such as the strike, dip and rake angles. Fig. 2 shows intuitively how each subfault of the fault models contributes to the final rotation vectors after scaling with their moments, that is, the values of the three models are divided by 6.68, 2.57 and 9.65, respectively, from which one can see detail contributions from all sub-faults and the overall features of the differences between the fault models. It is noted that the fault area of the USGS model is much smaller compared with the other two models.
The three sets of results regarding the directions of the rotations, that is, clockwise or counter-clockwise, remained relatively consistent along the three axes. The values produced by the USGS-Ji model were −45.4, 4.5 and −195.0 µas for R x , R y and R z , respectively. This means that the CF frame rotated clockwise by 45.4 µas along X axis, then 195.0 µas along Z axis, and then counter-clockwise by 4.5 µas along the Y axis. Because the angles rotated are very small, the order of rotation along the axes was negligible. This earthquake caused the CF frame to rotate significantly along the Z and visibly but not significantly along the Y axis. To intuitively inspect the consistency of the orientation changes computed from the three fault models, we plot the locations of Euler poles of the rotations computed from the three fault models with purple stars in Fig. 3 . The poles obtained from Chlieh and USGS-Ji models are close while they are much far away from that computed from USGS model.
For the 2011 Tohoku-Oki earthquake, the results computed from three finite fault models showed a good consistency. Here, the values of R x and R z have minus signs while those of R y have plus signs, as for the 2004 Sumatra earthquake. This earthquake caused the CF frame to rotate significantly along all the three axes simultaneously. Numbers produced from different finite fault models for three components of the rotation vectors would all be similar to each other if the earthquake moments were taken into account. Identically, the Euler poles are plotted with blue stars in Fig. 3 . One can find the consistency among them, especially between those obtained from USGS and UCSB models. Fig. 4 shows how each sub-fault contributes to the final rotation vectors after scaling with their moments. Similarly, the values of the three models are divided by 4.37, 5.53 and 4.74 respectively. One can clearly see the differences among the results from different fault models, such as the locations where the extremes appear.
The results obtained by setting the y 1,t value to be 1.465 × 10
are also given in Table 1 . They showed the values to be nearly identical to those obtained using the true y 1,t values. This shows that the approximation is valid and the approximate value of 1.465 × 10
is applicable for the future computations.
Network effect
To evaluate the network effect in estimating the rotation of CF frame using geodetic techniques such as GPS, the rotation parameters of the CF frame were first computed for the same two large earthquakes as above. However, point sources rather than finite fault models of these earthquakes were used for simplicity. The result from a finite model was the sum of result of each sub-fault which was considered a point source. In this way, the results from the point source are still instructive. The mechanisms of these two earthquakes were from the global CMT solution (www.globalcmt.org). Using the same computation theory, the rotation parameters of the CF frame, considered as the theoretical result, were determined and are listed in Table 2 . The co-seismic displacements, including spheroidal and toroidal ones of all degrees, at the 937 geodetic stations (Fig. 3) were computed using the theory reported by Sun et al. (1996) . It is here supposed that these co-seismic displacements are observed at these stations. The reason why these stations were used is that the geodetic observations conducted by GPS, BLVI, DORIS and SLR techniques at these stations are used to construct the ITRF (Altamimi et al. 2011) . Co-seismic displacements were used to compute the rotation of the CF frame using eqs (7) and (10), respectively. The results are given in parentheses in Table 2 . The results computed in terms of the co-seismic displacements at the geodetic stations by summation method are quite different from the theoretical ones, which show large network effect. For the Sumatra earthquake, the results from geodetic observations were much smaller than those from point dislocation theory. However, they were closely consistent regarding the directions of rotation of the CF frame. As shown in Fig. 3 , few stations are located around the epicentre in the near-field, which may be why the magnitude of the rotation inferred from geodetic observations is smaller than that predicted by theory because large deformation occurs in the near-field and deformation decreases rapidly in the far-field. For this reason, the lack of sufficient stations in the near-field led to insufficient co-seismic deformation observed in the summation of eq. (7). Fig. 5 shows the summation changing with the epicentric distance. It shows that the co-seismic displacements in the farfield (about 150
• ) still have large contributions to the summation. This is due to the lack of stations in the near-field, which makes the co-seismic displacements in the far-field not be much smaller compared with the co-seismic displacements in the area which is relatively closer to the epicentre. In fact, including the long distant stations in the far-field will decrease the rotation vector in eq. (7) because the co-seismic displacements at those stations have little contributions to the summation while the number of stations, that is, denominator of eq. (7), increases. However, the values are still quite different from the theoretical ones if we include only 54 or 103 stations, which are within 40
• or 50
• distances from the epicentre. The values are (−68.5, 0.8, −149.9) for the former and (−39.0, 0.9, −82.1) for the latter, respectively, for the three components of the rotation vector.
For the Tohoku-Oki earthquake, however, the magnitudes of rotation were much larger than the theoretical values and the directions of rotation were opposite. There were many geodetic stations distributed near the epicentre, but they were in the western side of the epicentre. The lack of any station on the eastern side of the epicentre destroys the orthogonal property of the spherical harmonics, as shown in the summation in eq. (7). In this way, the contributions from co-seismic displacements of all degrees except degree one and from spheroidal co-seismic displacements are not cancelled out. As a result, it is the asymmetry of the station distribution in the nearfield that causes large rotation magnitudes and opposite directions of rotation. This shows that the co-seismic displacements of high degrees and of spheroidal ones are aliased in the observed rotation parameters.
Not similarly to the Sumatra earthquake, the co-seismic displacements within 10
• distance in which 42 stations are included dominate the summation in eq. (7). However, the rotation vector determined by these 42 stations is much larger than the theoretical ones. Including more stations with larger epicentric distance just increases the number of stations and then decreases the rotation vector, as Fig. 5(d) shows.
The results computed by transformation method are also quite different from the theoretical ones (see Table 2 ). If we only use part of the stations, for example, near-field stations, the differences will be larger. These larger differences show that due to poor network configuration transform method cannot provide reliable rotation parameters. Since the rotation parameters are related to the horizontal displacements, if we set vertical displacements at the geodetic stations to be zeroes, the results will be (6.4, 3.8, 8.8) and (189.7, 266.7, −78 .2) for Sumatra and Tohoku-Oki earthquakes, respectively. They differ a little from the situation that the vertical displacements are taken into account. This means the horizontal displacement dominate the rotation parameters when using transformation method.
Uncertainty of uncorrected co-seismic effect on rotation
Measured coordinate time series have known or unknown offsets. Uncorrected offsets have a detrimental impact on velocity estimation. Currently, the co-seismic offsets in coordinate time series are identified and removed by either manual or automated approaches. Gazeaux et al. (2013) made an experiment on detecting the offsets using simulated data by different methods. Their results showed that manual methods almost always give better results than automated or semi-automated methods and the smallest magnitude of offset detectable by manual method is 5 mm. However the offsets caused by small or far-field earthquakes may not be detected by manual method due to their smaller magnitudes although the occurrence times are accurately known. Specifically, the cumulative effect of these small offsets is nonnegligible and the manual method inevitably induces man-made uncertainties.
To see to what extent the uncorrected co-seismic displacements affect the rotation, we first set a threshold value. Among the 937 stations, when the co-seismic offsets are smaller than the threshold, we consider the offsets can't be found and remain in the coordinates; when the offsets are larger than the threshold, we consider the offsets are corrected but with Gaussian uncertainties due to manual processing. Then we set the variance of the Gaussian uncertainties identical to the threshold value and produce white noises. And finally we applied transformation method to compute rotation due to unidentified co-seismic offsets and white noise. To achieve reliable statistical results, we totally compute 10 000 times. Some statistical results are listed in Table 3 . For the Sumatra earthquake, the uncorrected co-seismic effect does not increase obviously with the threshold because the geodetic stations are far away from the epicentre such that the co-seismic displacements at those stations are mainly smaller than the threshold. Therefore increasing threshold affects little on the rotation. This may explain why the stations which are less affected can be used to construct reference frame as Tregoning et al. (2013) proposed.
On the contrary for the Tohoku-Oki earthquake, the larger threshold causes heavier uncorrected co-seismic effect on rotation since there are many near-field stations. For example, when the threshold is 1.0 mm which is the positioning precision required in terrestrial reference frame, the effect on rotation has a magnitude of 7.6 µas which corresponds to about 0.2 mm. Therefore, the co-seismic displacements at the stations near the epicentre need more attention to be identified and removed. Tregoning et al. (2013) confirmed the considerable effect of small and uncorrected co-seismic deformation on site velocity and hence the plate rotation. It is shown that CF frame is also affected by small and uncorrected co-seismic deformation.
C O N C L U S I O N S
A method to estimating the rotation change in the orientation of the CF frame attributable to earthquakes involving the point dislocation theory based on a SNERI Earth model is here introduced. Rotation change in the orientation is related solely to the co-seismic toroidal displacements of degree one on the Earth's surface and independent of the spheroidal displacements and of other degrees. Therefore it is here concluded that the spheroidal deformation of the Earth due to other dynamic processes, such as surface loading, does not rotate the CF frame. However, in practice, this will be highly distorted by the network effect when we use finite geodetic stations.
Among the four types of independent dislocation types, that is, vertical strike-slip, vertical dip slip, horizontally and vertically tensile ones, only the vertical dip slip dislocation produced any toroidal displacement of degree one. In this way, it was the only type that caused the CF frame to rotate. As a consequence, the large and reverse earthquake that occurs in the subduction zone is likely to change the orientation of the CF frame.
We modified the toroidal displacement solution of degree one by introducing the stratified density distribution, and the numerical values were computed using the PREM model. Then the values were used on the two recent large earthquakes. The results showed that the Sumatra and Tohoku-Oki earthquakes both caused the CF frame to rotate by at least tens of µas. Using the approximated value of 1.465 × 10 −15 for toroidal displacement on the Earth's surface is valid, which makes the computation simpler.
The CF frame is of great importance to geodesy and it plays a critical role in the realization of the international terrestrial reference system. For these reasons, changes in the CF frame due to Earth's deformation should be taken into account in precise geodesy and its use. More attention was paid to the origin change of CF frame before. Meanwhile the rotation change of CF frame deserves to be studied from now on. However, properly observing the earthquakeinduced rotation of the CF frame demands a good configuration of the geodetic network. Specifically, the lack of near-field stations around the epicentre may cause the smaller rotation magnitude and the uneven or asymmetric distribution of the stations destroys the orthogonal property of the spherical harmonics, distorting the results devastatingly. Our simple summation method and the transformation method are difficult to detect the rotation of CF frame caused by two recent large earthquakes using displacement observations at the tracking stations. Therefore an improved method is expected. As a result, evaluating earthquake-induced CF frame rotation by the present geodetic network requires more considerations.
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